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Abstract: The main objective of this paper is to study the boundedness character, the periodic character,
the convergence and the global stability of the positive solutions of the difference equation:

k
A+Z a‘iu n-i
— i=0

k

B+ z Biu,,
i=0

where A ,B,a.,B. and the initial conditions

u=¢, i€Z,={-kk+l,..,0},

while k is a positive integer number and the necessary and sufficient conditions for asymptotic mean
square stability of the equilibrium point of fractional difference equation is exposed to stochastic

perturbations & which are directly proportional to the deviation of the system state u_  from the

,neZ={0,1,...,}, (1.1)

u

n+1

equilibrium point U, the form ¢(u -u)& ., .
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1. INTRODUCTION Definition 1.1. The equilibrium point u of
the equation

Difference equations have always played u,=f(u,u
. . . n+l n?’
an important role in the construction and
analysis of mathematical models of biology,
ecology, physics, economic processes, etc [9].

The case where any of A ,B,a,,B,Is

allowed to be zero gives different special cases
of (1.1) which are studied by many authors
(see, e.g, [1],[2], [3], [4], [12]). Furthermore,
the results about such equations offer
prototypes for the development of the basic

el ), n=0,1,..

is the point that satisfies the condition:

u = f(u,u,...,u).
Definition 1.2. The equilibrium point u of
equation (3) is said to be:

1. locally stable, if for every €>0 there
exists >0 such that every solution {u_ } with

initial conditions

theory of the global behavior of nonlinear
difference equations. Note that the difference
equation (1.1) has been extensively studied
in the special case k = 1 in the monograph
[6]. So, the results presented in our paper are
new.

u,,u,.,....u, € (U-3,u+9d),
we have |un-ﬁ|<8, forallne N.

2. locally asymptotically stable if it is
locally stable and if there exists y>0 such that
for any initial conditions
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u,,u,,,...,u, € (u-y,uty),

the corresponding solution {u_} tendsto u.

3. global attractor if every solution {u,, }
convergesto u as n —> .

4. globally asymptotically stable if u is
locally asymptotically stable and u is also
global attractor.

5. unstable if T is not locally stable.

Definition 1.3. A sequence {u_}, n>-k is
said to be periodic with period p if u  =u,
for all n>-k. A sequence {u,}, n>-k is
said to be periodic with prime period p if p is
the smallest positive integer having this

property.
Assume that

ﬁj:i a;, BjZZk; Bi, j=0,1,....k
i=j =

(1.2)
a=2 (Do, b= (-1)'B,

and suppose that equation (1.1) has some point
of equilibrium u (not necessary a positive
one).

Then by assumption

B+bu =0 (1.3)
the equilibrium point u is defined by the
algebraic equation:

u=(A+au)/(B+bT) (1.4)

By condition (1.3) equation (1.4) can be
transformed to the form:

bu?- (d-B) u-A=0 (1.5)
It is clear that if
(i-B)*+4Ab>0 (1.6)

equation (1.1) has two points of equilibrium:

_ 3-B+4/(i-B)>+4A b

1.7
u, Y (1.7)
and
_ a-B-y/(a-B)*+4A b (1.8)
: 2b
If

(a-B)?+4Ab=0 (1.9)
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then equation (1.1) has only one point of
equilibrium:

u=(i-B)/2b (1.10)
And at last if
(3-B)*+4Ab<0 (1.11)

then equation (1.1) has not equilibrium points.

Remark 1.1. Consider the case A=O,B¢O.

From (1.4) we obtain the following. If, B0
and a # B, then equation (1.1) has two points
of equilibrium:
T, = aB , T,=0
If, B#0and a=B, then equation (1.1) has
only one point of equilibrium: u=0. If B=0,
then equation (1.1) has only one point of

(1.12)

equilibrium: u= a / b .

Remark 1.2. Consider the case A=b=0 and
B#0. If a# B, then equation (1.1) has only
one point of equilibrium: u=0. If a=B, then
each solution u=const is an equilibrium point
of equation (1.1). Consequently, the positive
equilibrium pointu of the difference equation
(1.1) is given by (1.7).

Let f: (0, o) ! — (0, ) be a continuous
function defined by

k
A+Z o,u;
i=0

I
B+Z Biu;
=0

The linearized equation associated of
equation (1.1) about the positive equilibrium

(1.13)

f(uyu,,...,u, )=

point U is:
Lof __
z..,=>) —@u,..,u)z_,,n=0L.. (1.14)
i=0 8 i
or
k
z,, ). bz, =0 (1.15)
i=0
Where
of __ _._ PBu-a.
b.=-—(u,u,...,u)= ——+ 1.16
1 au,( ) B+bu (1.16)

1

Theorem 1.1 (see [1,7,9]). Assume that
abeR and ke {0, 1,2,...}. Then

|a|+|b|<1 (1.17)
is a sufficient condition for the asymptotic
stability of the difference equation
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u,,,tau, +bu_, =0,n=0,1,2,..., (1.18)

Theorem 1.1 can be easily extended to a
general linear difference equation.

Theorem 1.2. (see [1,7]). Let
Ut e tpu, =0
n=0,1,2,...,

where p,,P,,..-.p, € R and k € {1,2,...}.

Then equation (1.19) is asymptotically
stable provided that

k
2 [pif<t
i=0

n+l

(1.19)

(1.20)

2. MAIN RESULTS

In this section, we establish some results
which show that the positive equilibrium point
u of the difference equation (1.1) is globally
asymptotically stable and every positive
solution of the difference equation (1.1) is
bounded, the periodic character and the
necessary and sufficient conditions for
asymptotic mean square stability of the
equilibrium point of rational difference
quation (1.1), if is exposed to stochastic
perturbations &~ which are directly

proportional to the deviation of the system
state u_ from the equilibrium point u, the

form o(u, -u)&_,,.

Theorem 2.1. Assume that B>3 holds. Let

{u, o

equation (1.1) such that for some n, 2 0,

be a solution of the difference

either
u >u for n2>n, (2.1)
u <u for n2>n, (2.2)
Then u, convergesto u as n — oo, that s,
limu =u (2.3)

n— oo

Proof. Assume that (2.1) holds. The case
where (2.2) holds is similar and will be

omitted. Then, for n > n,+k , we deduce that

K K
A+Z U, 1+ A/z o,
un+llk0|: aiun_i:| kl;() <
B+z Biu, = B+Z Biu,,
i~ -0

(2.4)

With the aid of (1.3), the last inequality
becomes:

k
u,, =< Z U‘iun—i/a (2.5)
i=0
and so
u ., Sgnaﬁf{un_i} for n>n +k (2.6)
Set
v, = Ionai({un,i} for n>n,+k 2.7)
Then clearly
v,2u,,=2u for n>n,+tk (2.8)
Next, we claim that
v,,2v, for n>n,+tk (2.9)

Now, we have

Vi = MAX U, F=Max U, Max{u,j} <

<max{u,,v, }=v, (2.10)

From (2.8) and (2.9), it follows that the
sequence {v_} is convergent and that

v=Ilimv_>1 (2.11)
Furthermore, we get
k
A+Z ou, ~

u, <—=m__  AMaY, 2.12)

! B+bu B+bu
From this and by using (2.9) we obtain,
u, < Ata Yn+i-1 < A+5~Vn (2.13)

B+bu B+bu
fori=1,...,k+1.
Then
A+a

\% =max {u . f<u_ <
n+k+1 OSi§k+1{ n+1} n+l

Vv
— (2.14
+bﬁ( )

and by letting n — o, we obtain

v Atay 2.15)
B+bu

Consequently, we obtain

V(l— 2 js A (2.16)
B+bu B+bu

From (1.3) and (2.16), we deduce that
v<1u, and in view of (2.11), we obtain v=u.
Thus, the proof of Theorem 2.1 is completed.
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Theorem 2.2. Let {u 3}, be a positive

solution of the difference equation (1.1) and
B >1. Then there exist positive constants m
and M such that

m<u, <M, n=0,1,... (2.17)
Proof. From the difference equation (1.1), we
have, when B>1

u,., < [Z alunlj, n=0,1,... (2.18)

C0n51der the linear difference equation

wnﬂ—%Jrllg(ZanJ,n 0,1,.. (2.19)
with the initial conditions w,=u, >0,
i=-k,...,-1,0 . It follows by complete

induction that
u <w, (2.20)

First of all, assume that B>a. Then we
have A/(B-a) is a particular solution of (2.19)
and every solution of the homogeneous
equation which is associated with (2.19) tends
to zero as n—oo. Hence

(2.21)

From this (19) and (2.20), it follows that
the sequence {u,} is bounded from above by a
positive constant M say. That is,

u <M, n=0,1,... (2.22)
Set
A (2.23)
B+b M
then we have
k
A+Z au,
u,, = — 0 > A _m (224)
B+Z Biun.i B+bM
i=0
and consequently, we get
m<u, <M, n=0,1,... (2.25)

which completes the proof of Theorem 2.2
when B>a.

Second, consider the case when B>a. It
suffices to show that {u} is bounded from

above by some positive constant. For the sake
of contradiction, assume that {u } is

unbounded. Then there exists a subsequence
{u, } such that
J

34

limn; =0, limu1+ =0, Uy, =

]
=max{u,; -k <n<l+n;}, j=0,1,2,.. (2.26)
From (2.18), we deduce that
k
> au,, >Bu,, -A (2.27)
0 ! !

Taking the limit as j — oo of both sides
of the last inequality, we obtain

lim » a.u, = 2.28
lim Z (2.28)
It is easy enough to show that Wi, < Uiy,

k
(1i=0,1,2,...k) and then as QZZ a, we have:

i=0

k
> U, <au,, (2.29)
=0
From the last inequality and the

difference equation (1.1), we obtain:

k
O < au1+n._z alu itn -
i=0
k k
aA+Z a;u i+n; |:5_B_Z Blu i+n :|
= = - = (2.30)
B+Z Biu i+n
i=0
Consequently, it follows that
k
2 B, <a-B (2.31)
i=0

Then for every i=0,1,2,...
the

.k for which B,

{u—i+nj } iS

bounded which implies that the sequence

is positive, subsequence

k
{Z “i‘hm} is also bounded. This contradicts

(2.28) and the proof of the Theorem 2.2 is
completed.

Theorem 2.3. Assume that B>a holds. Then
the positive equilibrium point u of the
difference  equation (1.1) is  globally
asymptotically stable.

Proof. The linearized equation (1.15) with
(1.16) can be written in the form

(2.32)

As B>a, we get
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<1 (2.33)

B+bw

i=0

Thus, by Theorem 2.2, we deduce that the
equilibrium point u of the difference equation
(1.1) is locally asymptotically stable. It
remains to prove that the equilibrium point u
is a global attractor. To this end, set

[=liminfu, and S=limsupu,,

which by Theorem 2.4 are positive numbers.
Then, from the difference equation (1.1),
we see that

+a +a
g Atas -, Aval (2.34)
B+bl B+bS
Hence
A+(3-B)I < bIS < A+(3-B)S (2.35)

From which it follows that I = S. Thus,
the proof of Theorem 2.3 is completed.

Theorem 2.4. The necessary and sufficient
condition for the difference equation (1.1) to
have positive prime period two solutions is
that both inequalities

A (b-b)?-(a+a) (b-b) (B+a)<b (B+a)* (2.36)
B+a<0 (2.37)
are valid.

Proof. First, suppose that there exist positive
prime period two solutions

..,P.Q,P,Q,... (2.38)
of the difference equation (1.1). We will prove
that the condition (2.36) holds. It follows from
the difference equation (1.1) that
_Ata,Q+a,Pt+a,Q+a,P+..

B+B,Q+B,P+p,Q+p,P+...
_ Ata,P+a,Q+a,P+a,0+...
B+B,P+p,Q+B,P+B, Q..

Consequently, we obtain

A+o,Q+0,P+a,Q+ta,P+...=

=BP+B,PQ+B,P*+B,PQ+B,P*+...(2.40)

A+a,P+a,Q+a,P+ta,0+..=

=BQ+B,PQ+B,Q*+B,PQ+B,Q*+...(2.41)

By subtracting, we deduce after some
reduction that

P+Q=

(2.39)
Q

-(B+a)

B, B, +...
while by adding we obtain

(2.42)

PQ-= AB,+B; +_---)'(0'0 ta,+...)(Bta) (2.43)
b(B,+Bs+...)
where B+a<0. Now, it is clear from (2.42)
and (2.43) that P and Q are two positive
distinct real roots of the quadratic equation
t>-(P+Q)t+PQ=0 (2.44)
Thus, we deduce that

-(B+a) 2>
>4(A(Bl+Bgt---)'(%+0‘z+-")(B+a] (2.45)
b(B, B, +...)

From (2.45), we obtain

A(b-b)*-(a+a)(b-b)(B+a)<

<b(B+a)?
and hence the condition (2.36) is valid.
Conversely, suppose that the condition
(2.36) is valid. Then, we deduce immediately
from (2.46) that the inequality (2.45) holds.
Consequently, there exist two positive distinct
real numbers P and Q such that

(2.46)

:ﬂ_L T
2(B,+Bs+.) 2V

- Bra) 1
Q 2(B,+B5+..0) " 2 \/f

where T; > 0 which is given by the formula

(2.47)

PitPst...
_4(A (B, 1B, 4;...)—(OL0+(12+...) (B+5)] (2.48)
b (B, +B;+..)

Thus, P and Q represent two positive
distinct real roots of the quadratic equation
(2.44).

Now, we are going to prove that P and Q
are positive prime period two solutions of the
difference equation (1.1). To this end, we
assume that

u, =P, u,,,=Q....,u,=Q, u,=P (2.49)
We wish to show that

u,=Q, u,=Q (2.50)
To this end, we deduce from the

difference equation (1.1) that
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A+ayu,tou  +...fa,u,
u1: =
B+B,u,tBu +...+Bu,

_ AftP(a,to,+..)+Q(a, ta,+...) 2.51)
B+P(By+B,+..)+Q(B, 4B +...)
Dividing the denominator and numerator
of (2.51) by
-(B+7) (B, P, +...)
and using (2.47)-(2.48), we obtain

2A
031+B3 l+\/7)((10+(12+ )4(1\/>)(a1+03+

u=

2B
“3‘+B3 BB 14 K 8,48, +0H0-K, )(B1+l33+)

i-2A (B it/ BrD+TVK, (5 55
-2B (B, +B;+...)/ (B+a)+b JK,
where

| A(b-D)’-(a+@)(b-b)(B+ ) (2.53)
b(B+a)?
and from the condition (2.36), we deduce that

K; > 0. Multiplying the denominator and
numerator of (2.52) by

(b-2B(B,+B;+...)/(B+D)])-byK,

K,=

(2.54)

we have:
=[a-2A(B,+B,+...)/(B+a)]x

[b 2B(B,+B,+...) /(B+7) - bar
[b-2B(B,+B,+...)/(B+a)]’-b’K,

2B (B4, +.-) % 2A (B+Bs+.)
B+a B+a

[b-2B(B,+Bs+..)/ (B+3)]*-b°K,

After some reduction, we deduce that

L BEDUHJK)
b2 (BBt

{2(% +..) (By )2 (g +...) (By+.n.)-

ol
T

[ba-db-a

(2.55)

+

2(B,+.)
(Bta)(Ab-Ba) |
2B, +.)
(B+2) (Ab-B 3)

X

{2((11-%...) (By+..)-2 (0 +.rs) (B ) -

(B+a)
2Pyt 2

_A(Ba) (10K, _
2 (B H+By+)

Similarly, we can show that
36

L = (2.56)

A+a,u,fou,+...fa,u

-(k-1)
u
a B+Byu, +Bu,+...+B,u -(k-1)
_A+Q (oo, +. )P (o, ta,+.)

=p (2.57)
B+Q (B, +B,+..)+P (B, +B;+...)

By using the mathematical induction, we
have
u =P, u

—Q, (V)n>-k (2.58)

n+l

Thus, the difference equation (1.1) has
positive prime period two solutions

..,P.Q.P,Q,... (2.59)

Hence the proof of Theorem 2.4 is completed.
Let now {Q,o,P} be a probability space

and {F, €c,ie€Z} be a nondecreasing family
of ¢ -algebras of o, i.e. F, cF, forn; <np, E
be the expectation, £ ,n € Z, be a sequence of
F -adapted mutually independent random
variables such that E& =0, E&2=1. It is

supposed that the rational difference equation
(1.1) has an equilibrium point u and is
exposed to additive stochastic perturbations
type of o(u_ -u)§, ., that are directly

proportional to the deviation of the state u_ of

system (1.1) from the equilibrium point u. So,
equation (1.1) takes the form

k
A+z au, .
un+l = 1;0— ++G(un -l_’l)E.erl (260)
B+ZBiun-i
i=0
Note that the equilibrium point u# of
equation

(1.1) is also the equilibrium point of equation
(2.60). Putting v_=u_-u we will center
equation (2.60) in the neighborhood of the
point of equilibriumu. From (2.60) it follows
that:

k ~
AT @b,

Vo = (2.61)

+ov,§

n+l

1 Hl

B+bu+z b.v

i=0

It is clear that stability of the trivial
solution of equation (2.61) is equivalent to

stability of the equilibrium point of equation
(2.60).
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Together with nonlinear equation (2.61) we
will consider and its linear part

k

Zy1 =2 ViZoi 102, 8ys Vi T
n+ ; 17 n-1 n>ont+l’ 1 B+bu

i-bu

(2.62)

Two following definitions for stability are
used below.

Definition 2.1. The trivial solution of equation
(2.61) is called stable in probability if for any
€, >0 and &,>0 there exists 6>0 such that

the solution v, =v_(¢) satisfies the condition

P{sup|v,(p)|> g} <k,

neZ

for any initial function ¢ such that

v,(9)|8}=1.

P{sup

i€z,

Definition 2.2. Zero solution of equation
(2.62) is called mean square stable if for any
€>0 there exists 6>0 such that the solution
z,=2,(9)
satisfies the condition
E |z, (p)] <e
for any initial function ¢ such that

2 2

lo "= sup o <3

If besides

lim E |z, (¢)[" =0
for any initial function ¢ then the trivial
solution of equation (2.62) 1is called
asymptotically mean square stable.

Since the order of nonlinearity of equation
(2.61) is more than 1, then obtained stability
conditions at the same time are ([9], [10])
conditions for stability in probability of the
trivial solution of nonlinear equation (2.61)

and therefore for stability in probability of the
equilibrium point of equation (2.61).

Lemma 2.1. [4] If
k
> i< vivo’
i=0
then the trivial solution of equation (2.62) is

asymptotically mean square stable.
Put

(2.63)

s o=
i=0 i=1

M-~

G,

G- v (264
j=i

Lemma 2.2. [4] If

B2+2&‘1-[§‘+02<1 (2.65)

then the trivial solution of equation (2.62) is
asymptotically mean square stable.

Lemma 2.3. [4] Let
nonnegative functional

V.=V(@{,u,,.,u,),1eZ

there exist the

for which the conditions

EV(O,u,,...,u)) <c, || o ’ EAV, <-c, Eu’, ieZ
where

AV,=V. ,-V., ¢,>0, ¢,>0
hold. Then equation (2.62) zero solution is

asymptotic mean square stable.
Consider the vectors

Z.75(ZserZ, 0Z,)

> n-12>"n

and
b=(0,...,6)"
of dimension £+1 and the square matrix
01 0 0 0
0 0 1 0 0
A=l er ver e
0 0 O 0 1

Yo Y Ye2 o Y1 Yo

Then equation (2.62) can be described in
the form

7 =AZ +bz ¢ (2.66)

n+1
Let the square matrix U:H u,.,/.H of

dimension k+1 has all zero elements except for

Uy e =1
and consider the matrix equation
A'DA-D=-U (2.67)
Theorem 2.5. Let equation (2.67) have a
positive  semidefinite solution D  with
dy1 41 >0. Then, for asymptotic mean square

stability of equation (2.62) zero solution, it is
necessary and sufficient that the inequality:

o’d
hold.
Proof. Consider the functional

<l (2.68)

k+1,k+1
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k
V,=z!Dz,+c’d, ., D, zo,  (2.69)
i=1

Calculating EAV, by virtue of (2.69),
(2.66), we obtain:

EAV, =

k K
:E{Z:m Dz, +02dk+1,k+1 Z wal-i 2Dz, _szkﬂ,kﬂ Z Zzn—i } =
1 p=

1

=E[(AZ,*bz, &, )D(AZ,+bz,&,,)Z, D Z,]+

n+l
+52dk+1,k+1E(Zﬁ 'Zrzl-k )=

=E[Z' (A'DA)-D)Z +b'Dbz’, |+
+62dk+1,k+1E(Zr21 _Zi-k ):(szkﬂ,kﬂ 'I)Ezi

Let conditions (2.68) hold. Then the
functional (2.69) satisfies the conditions of
Lemma 2.3. It means that equation (2.66) zero
solution is asymptotic mean square stable. It
follows that condition (2.68) is sufficient for
asymptotic mean square stability of equation
(2.66) zero solution. Let condition (2.68) not
hold, i.e.,

dyrger 21,

Then, EAV, 2 0. From here it follows that

k-1
> EAV,=EV, -EV; >0

i=0
ie, EV, > EV,>0 .

It means that equation (2.62) zero solution
cannot be mean square stable. Therefore,
condition (2.68) is necessary for asymptotic
mean square stability of equation (2.62) zero
solution. Theorem is proved. Remark that for
every k, equation (2.66) is the system of

(k+1) (k+2)/2

equations. Consider the different particular
cases of equation (2.66).

Corollary 2.1. For k=1 condition (2.68)
takes the form

vi| <t vo|<1-v, (2.70)
2 2
or<d;, = (1 Y1)(§1 Y1) -Yo) 2.71)
Y1

If, in particular, =0 then condition
(2.68) is the necessary and sufficient condition

38

for asymptotic mean square stability of the
trivial solution of equation (2.62) for k = 1.

Remark 2.1. Put o=0. If =1 then the
trivial solution of equation (2.62)
be stable (for

z,,,=0,5(z,+z,,)), unstable (for example,

can
example, z, . ,=zZ, or

z.,,=2z_-z_,) but cannot be asymptotically

stable. Really, it is easy to see thatif § > 1 (in
particular, B=1) then sufficient conditions

(2.63) and (2.65) do not hold. Moreover,
necessary and sufficient (for k = 1) condition
(2.68) does not hold too since if (2.68) holds
then we obtain a contradiction

1< B:'Yo'i"yl < ‘YO""'Y1<1

Remark 2.2. As it follows from the Lemmas
2.1,2.2, 2.3 and Theorem 2.5 at the same time
are conditions for stability in probability of the
equilibrium point of equation (2.60). From
conditions (2.63), (2.65) it follows that ‘ B ‘ <1-

Let us check if this condition can be true
for each equilibrium point. Suppose at first
that condition (1.6) holds. Then equation
(2.60) has two points of equilibrium u, and
u, =0 defined by (1.7) and (1.8) accordingly.

Putting

S=./(a-B)>+4Ab
via (2.64), (2.62), (1.4) we obtain that
responding £, and f3, are:

- _ abu _a-;(@B+S) _atB-S)
B+bu, a+.(3-B+S) a+B+S)

(2.72)

5o a-bu, _a-;(@B-S) _atB+S)
? Atbu, atl(@B-S) a+B-S)

So, B ,f, =1 . It means that the condition
‘B‘<1 holds only for one from the equilibrium

points u, and u,.
Namely,
if &+B>0 then |B|<1,

if #+B<0 then |f,

<1,

if #+B=0 then f,=p,=-1.
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In particular, if A=0 then via Remark 1.1
and (2.62) we have:

B,=Ba"',p,=B'a
Therefore,
[Bi]=<1

B, [<1 if [B]>[a],

15, [6.|=1 if[B]=4].

so, via Remark 2.1 we obtain: equilibrium
points u, and u, can be stable concurrently

if |B|<|§|

only if corresponding [31 and Bz are negative

concurrently. Suppose now that condition (1.9)
holds. Then equation (2.60) has only one point
of equilibrium (1.10). From (2.64), (2.62),

(1.4), (1.10) it follows that corresponding B
equals
a-bu  4a-,(a-B)

_ _a+B) |
B+bu B+ 1(a-B)

B+a

B=

As it follows from Remark 2.1 this point
of equilibrium cannot be asymptotically
stable.

Corollary 2.2. Let u be an equilibrium point
of equation (2.60) such that

5 ‘ai-Biﬁ‘<‘B+ﬁﬁ‘\/l-02, o2<l (2.73)
=)

Then the equilibrium point # is stable in
probability.

The proof follows from (2.62), Lemma 2.1
and Remark 2.2.

Theorem 2.6. Let u be an equilibrium point
of equation (2.60) such that

a-bu|< ‘B +6u_‘ (2.74)

k - =2
2) [a;-b.u|<[B+il-o’ ABFPD) - (2.75)
= [B-d+2b1]
Then the equilibrium point # 1is stable in
probability.

Proof. Via (1.4), (2.62), (2.64) we have:
k
a=[B+bul > |3, -b,q]
=0

= (é-BH)/(B+BE)

Rewrite (2.2.65) in the form

pl<1

and show that it holds. From (2.74) it follows
that ‘6‘<1 . Via ‘[3 ‘< 1 we have:

2
2d<1+[3-16—~,

i-bu  B+a

1+B=1+—=—""">0
B+bu B-+bu
| oy BT _B-at2bT
B+bu B+bu
S0,
= o2
23 fa,-,u]<[Bbu]| A gz (BIOD_
i=0 B+bu ‘B—5+2bﬁ‘
_|B+i|-o? (BIED
‘B-é+2bi‘

It means that the condition of Lemma 2.2
holds. Via Remark 2.2 the proof is completed.

Corollary 2.3. An equilibrium point u of the
equation
+ -
_prau, rogu, +o(u, -0)E
)\‘+Boun+Blun-l

is stable in probability if and only if

(2.76)

ntl n+1
ot -B, [ < [B+BT| o, -, T <
<(B-a,+(B,+2B,)usign(B+b ) (2.77)
02<(B+a0-a1+2[31ﬁ)><

(B+a,+p,T)(B-d+2bT)
(B-a,+(a,+2B,)u(B+b1)’

(2.78)

The proof follows from (2.62), (2.68),
(2.69).

3. CONCLUSIONS

This study of the establish some results
which show that the positive equilibrium point
u of the difference equation (1.1) is globally
asymptotically stable and every positive
solution of the difference equation (1.1) is
bounded, the periodic character and the
necessary and sufficient conditions for
asymptotic mean square stability of the
equilibrium point of rational difference
equation (1.1), if is exposed to stochastic
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perturbations

g, ~which are directly

proportional to the deviation of the system
state u, from the equilibrium point u, the

form o(u -0)E¢ ., .
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